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Strings in flat space and pp waves from
N = 4 Super Yang Mills
David Berenstein, Juan Maldacena and Horatiu Nastase
Institute for Advanced Study, Princeton, NJ 08540
We explain how the string spectrum in flat space and pp-waves arises from the large
N limit, at fixed g2YM , of U(N) N = 4 super Yang Mills. We reproduce the spectrum by
summing a subset of the planar Feynman diagrams. We give a heuristic argument for why
we can neglect other diagrams.
We also discuss some other aspects of pp-waves and we present a matrix model as-
sociated to the DLCQ description of the maximally supersymmetric eleven dimensional
pp-waves.
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1. Introduction
The fact that large N gauge theories have a string theory description was believed for
a long time [1]. These strings live in more than four dimensions [2]. One of the surprising
aspects of the AdS/CFT correspondence [3,4,5,6] is the fact that for N = 4 super Yang
Mills these strings move in ten dimensions and are the usual strings of type IIB string
theory. The radius of curvature of the ten dimensional space goes as R/ls ∼ (g2YMN)1/4.
The spectrum of strings on AdS5×S5 corresponds to the spectrum of single trace operators
in the Yang Mills theory. The perturbative string spectrum is not known exactly for general
values of the ’t Hooft coupling, but it is certainly known for large values of the ’t Hooft
coupling where we have the string spectrum in flat space. In this paper we will explain
how to reproduce this spectrum from the gauge theory point of view. In fact we will be
able to do slightly better than reproducing the flat space spectrum. We will reproduce the
spectrum on a pp-wave. These pp-waves incorporate, in a precise sense, the first correction
to the flat space result for certain states.
The basic idea is the following. We consider chiral primary operators such as Tr[ZJ ]
with large J . This state corresponds to a graviton with large momentum p+. Then we
consider replacing some of the Zs in this operator by other fields, such as φ, one of the
other transverse scalars. The position of φ inside the operator will matter since we are
in the planar limit. When we include interactions φ can start shifting position inside the
operator. This motion of φ among the Zs is described by a field in 1+1 dimensions. We
then identify this field with the field corresponding to one of the transverse scalars of a
string in light cone gauge. This can be shown by summing a subset of the Yang Mills
Feynman diagrams. We will present a heuristic argument for why other diagrams are not
important.
Since these results amount to a “derivation” of the string spectrum at large ’t Hooft
coupling from the gauge theory, it is quite plausible that by thinking along the lines
sketched in this paper one could find the string theory for other cases, most interestingly
cases where the string dual is not known (such as pure non-supersymmetric Yang Mills).
We will also describe other aspects of the physics of plane waves. For example we
consider the M-theory plane wave background with maximal supersymmetry [7,8] and we
show that there is an interesting matrix model describing its DLCQ compactification. This
matrix model has some unusual features such as the absence of flat directions. We merely
touch the surface on this topic in section 5, postponing a more detailed investigation for
the future.
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This paper is organized as follows. In section two we will describe a limit of AdS5×S5
that gives a plane wave. In section three we describe the spectrum of string theory on a
plane wave. In section 4 we describe the computation of the spectrum from the N = 4
Yang Mills point of view. In section 5 we describe the Matrix model associated to the
DLCQ compactification of the M-theory plane wave and discuss some of its features. In
appendix A we describe in detail some of the computations necessary for section 4. In
appendix B we prove the supersymmetry of the Matrix model of section 5. In appendix C
we describe the string spectrum on a plane wave with mixed NS and RR backgrounds.
2. pp waves as limits of AdS × S
In this section we show how pp wave geometries arise as a limit of AdSp × Sq 1. Let
us first consider the case of AdS5× S5. The idea is to consider the trajectory of a particle
that is moving very fast along the S5 and to focus on the geometry that this particle sees.
We start with the AdS5 × S5 metric written as
ds2 = R2
[
−dt2 cosh2 ρ+ dρ2 + sinh2 ρdΩ23 + dψ2 cos2 θ + dθ2 + sin2 θdΩ′23
]
(2.1)
We want to consider a particle moving along the ψ direction and sitting at ρ = 0 and
θ = 0. We will focus on the geometry near this trajectory. We can do this systematically
by introducing coordinates x˜± = t±ψ
2
and then performing the rescaling
x+ = x˜+ , x− = R2x˜− , ρ =
r
R
, θ =
y
R
, R→∞ (2.2)
In this limit the metric (2.1) becomes
ds2 = −4dx+dx− − (~r 2 + ~y 2)(dx+)2 + d~y 2 + d~r 2 (2.3)
where ~y and ~r parametrize points on R4. We can also see that only the components of F
with a plus index survive the limit. We see that this metric is of the form of a plane wave
metric2
ds2 =− 4dx+dx− − µ2~z 2dx+2 + d~z 2
F+1234 = F+5678 = const × µ
(2.4)
1 While this paper was being written the paper [9] appeared which contains the same point
as this section.
2 The constant in front of F depends on the normalizations of F and can be computed once
a normalization is chosen.
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where ~z parametrizes a point in R8. The mass parameter µ can be introduced by rescaling
(2.2) x− → x−/µ and x+ → µx+. These solutions where studied in [10].
It will be convenient for us to understand how the energy and angular momentum
along ψ scale in the limit (2.2). The energy in global coordinates in AdS is given by
E = i∂t and the angular momentum by J = −i∂ψ. This angular momentum generator
can be thought of as the generator that rotates the 12 plane of R6. In terms of the dual
CFT these are the energy and R-charge of a state of the field theory on S3 ×R where the
S3 has unit radius. Alternatively, we can say that E = ∆ is the conformal dimension of
an operator on R4. We find that
2p− = −p+ =i∂x+ = i∂x˜+ = i(∂t + ∂ψ) = ∆− J
2p+ = −p− =− p˜−
R2
=
1
R2
i∂x˜− =
1
R2
i(∂t − ∂ψ) = ∆+ J
R2
(2.5)
Notice that p± are non-negative due to the BPS condition ∆ ≥ |J |. Configurations
with fixed non zero p+ in the limit (2.2) correspond to states in AdS with large angular
momentum J ∼ R2 ∼ N1/2. When we perform the rescalings (2.2) we take the N → ∞
limit keeping the string coupling g fixed and we focus on operators with J ∼ N1/2 and
∆− J fixed.
From this point of view it is clear that the full supersymmetry algebra of the metric
(2.1) is a contraction of that of AdS5 × S5 [10]. This algebra implies that p± ≥ 0.
This limit is a particular case of Penrose’s limit [11]3, see also [12,13]. In other
AdSd × Sp geometries we can take similar limits. The only minor difference as compared
to the above computation is that in general the radius of AdSd and the sphere are not
the same. Performing the limit for AdS7 × S4 or AdS4 × S7 we get the same geometry,
the maximally supersymmetric plane wave metric discussed in [7,8]. For the AdS3 × S3
geometries that arise in the D1-D5 system the two radii are equal and the computation is
identical to the one we did above for AdS5 × S5.
In general the geometry could depend on other parameters besides the radius parame-
ter R. It is clear that in such cases we could also define other interesting limits by rescaling
these other parameters as well. For example one could consider the geometry that arises
by considering D3 branes on Ak−1 singularities [14]. These correspond to geometries of the
form AdS5 × S5/Zk [15]. The Zk quotient leaves an S1 fixed in the S5 if we parametrize
3 We thank G. Horowitz for suggesting that plane waves could be obtained this way.
4
this S1 by the ψ direction and we perform the above scaling limit we find the same geom-
etry that we had above except that now ~y in (2.3) parametrizes an Ak−1 singularity. It
seems possible to deform a bit the singularity and scale the deformation parameter with
R in such a way to retain a finite deformation in the limit. We will not study these limits
in detail below but they are of clear physical interest.
3. Strings on pp-waves
It has been known for a while that strings on pp-wave NS backgrounds are exactly
solvable [16]. The same is true for pp-waves on RR backgrounds. In fact, after we started
thinking about this the paper by Metsaev [17] came out, so we will refer the reader to it
for the details. The basic reason that strings on pp-waves are tractable is that the action
dramatically simplifies in light cone gauge.
We start with the metric (2.4) and we choose light cone gauge x+ = τ where τ is the
worldsheet time. Then we see that the action for the eight transverse directions becomes
just the action for eight massive bosons. Similarly the coupling to the RR background
gives a mass for the eight transverse fermions.
So in light cone gauge we have eight massive bosons and fermions. It turns out that 16
of the 32 supesymmetries of the background are linearly realized in light cone gauge (just
as in flat space). These sixteen supersymmetries commute with the light cone hamiltonian
and so they imply that the bosons and fermions have the same mass, see [17].
After the usual gauge fixing (see [18], [17]) the light cone action becomes
S =
1
2πα′
∫
dt
∫ 2piα′p+
0
dσ
[
1
2
z˙2 − 1
2
z′2 − 1
2
µ2z2 + iS¯( 6 ∂ + µI)S
]
(3.1)
where I = Γ1234 and S is a Majorana spinor on the worldsheet and a positive chirality
SO(8) spinor under rotations in the eight transverse directions. We quantize this action
by expanding all fields in Fourier modes on the circle labeled by σ. For each Fourier mode
we get a harmonic oscillator (bosonic or fermionic depending on the field). Then the light
cone Hamiltonian is
2p− = −p+ = Hlc =
+∞∑
n=−∞
Nn
√
µ2 +
n2
(α′p+)2
(3.2)
Here n is the label of the fourier mode, n > 0 label left movers and n < 0 right movers. Nn
denotes the total occupation number of that mode, including bosons and fermions. Note
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that the ground state energy of bosonic oscillators is canceled by that of the fermionic
oscillators.
In addition we have the condition that the total momentum on the string vanishes
P =
∞∑
n=−∞
nNn = 0 (3.3)
Note that for n = 0 we also have harmonic oscillators (as opposed to the situation in flat
space). When only the n = 0 modes are excited we reproduce the spectrum of massless
supergravity modes propagating on the plane wave geometry. A particle propagating on
a plane wave geometry with fixed p+ feels as if it was on a gravitational potential well,
it cannot escape to infinity if its energy, p−, is finite. Similarly a massless particle with
zero p+ can go to r =∞ and back in finite x− time (inversely proportional to µ). This is
reminiscent to what happens for particles in AdS. In the limit that µ is very small, or in
other words if
µα′p+ ≪ 1 (3.4)
we recover the flat space spectrum. Indeed we see from (2.3) that the metric reduces to
the flat space metric if we set µ to zero.
It is also interesting to consider the opposite limit, where
µα′p+ ≫ 1 (3.5)
In this limit all the low lying string oscillator modes have almost the same energy. This
limit (3.5) corresponds to a highly curved background with RR fields. In fact we will later
see that the appearance of a large number of light modes is expected from the Yang-Mills
theory.
It is useful to rewrite (3.2) in terms of the variables that are natural from the AdS5×S5
point of view. We find that the contribution to ∆ − J = 2p− of each oscillator is its
frequency which can be written as
(∆− J)n = wn =
√
1 +
4πgNn2
J2
(3.6)
using (2.5) and the fact that the AdS radius is given by R4 = 4πgNα′2. Notice that N/J2
remains fixed in the N →∞ limit that we are taking.
It is interesting to note that in the plane wave (2.4) we can also have giant gravitons
as we have in AdS5 × S5. These giants are D3 branes classically sitting at fixed x− and
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wrapping the S3 of the first four directions or the S3 of the second four directions with a
size
r2 = 2πgp+µα′2 (3.7)
where p+ is the momentum carried by the giant graviton. This result follows in a straight-
forward fashion from the results in [19]. Its p− eigenvalue is zero. We see that the descrip-
tion of these states in terms of D-branes is correct when their size is much bigger than the
string scale. In terms of the Yang-Mills variables this happens when J
2
N ≫ 1g
There are many other interesting aspects of perturbative string propagation on plane
waves that one could study. In appendix C we discuss the spectrum of strings on plane
wave background of mixed NS and RR type. Note that for more general plane waves, for
which the factor multiplying (dx+)2 is not quadratic, the action in light cone gauge is a
more general interacting massive theory. We could have, for example, a Landau-Ginsburg
theory. It would be nice to analyze these cases in detail. We can also have an x+ dependent
function, as discussed in [16].
It is well known that in conformal gauge the equation of motion for the background
is conformal invariance of the two dimensional worldsheet theory. It would be nice to
understand what the equation of motion for the background is in these more general
massive cases, where we have chosen the light cone gauge fixing instead. In flat space
conditions like D = 26 appear, in light cone gauge, from the proper realization of the
non-linearly realized Lorentz generators. These plane wave backgrounds generically break
those Lorentz generators.
4. Strings from N = 4 Super Yang Mills
We are interested in the limit N →∞ where g2YM is kept fixed and small, g2YM ≪ 1.
We want to consider states which carry parametrically large R charge J ∼ √N .4 This
R charge generator, J , is the SO(2) generator rotating two of the six scalar fields. We
want to find the spectrum of states with ∆ − J finite in this limit. We are interested in
single trace states of the Yang Mills theory on S3 × R, or equivalently, the spectrum of
dimensions of single trace operators of the theory on R4. We will often go back and forth
between the states and the corresponding operators.
4 For reasons that we will discuss later we also need that J/N1/2 ≪ 1/gY M . This latter
condition comes from demanding that (3.7) is smaller than the string scale and it ensures that
the states we consider are strings and not D-brane “giant gravitons” [19].
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Let us first start by understanding the operator with lowest value of ∆−J = 0. There
is a unique single trace operator with ∆− J = 0, namely Tr[ZJ ], where Z ≡ φ5 + iφ6 and
the trace is over the N color indices. We are taking J to be the SO(2) generator rotating
the plane 56. At weak coupling the dimension of this operator is J since each Z field has
dimension one. This operator is a chiral primary and hence its dimension is protected
by supersymmetry. It is associated to the vacuum state in light cone gauge, which is the
unique state with zero light cone hamiltonian. In other words we have the correspondence
1√
JNJ/2
Tr[ZJ ]←→ |0, p+〉l.c. (4.1)
We have normalized the operator as follows. When we compute 〈Tr[Z¯J ](x)Tr[ZJ ](0)〉 we
have J possibilities for the contraction of the first Z¯ but then planarity implies that we
contract the second Z¯ with a Z that is next to the first one we contracted and so on. Each
of these contraction gives a factor of N . Normalizing this two point function to one we get
the normalization factor in (4.1).5
Now we can consider other operators that we can build in the free theory. We can
add other fields, or we can add derivatives of fields like ∂(i1 · · ·∂in)φr, where we only take
the traceless combinations since the traces can be eliminated via the equations of motion.
The order in which these operators are inserted in the trace is important. All operators
are all “words” constructed by these fields up to the cyclic symmetry, these were discussed
and counted in [2]. We will find it convenient to divide all fields, and derivatives of fields,
that appear in the free theory according to their ∆−J eigenvalue. There is only one mode
that has ∆ − J = 0, which is the mode used in (4.1). There are eight bosonic and eight
fermionic modes with ∆− J = 1. They arise as follows. First we have the four scalars in
the directions not rotated by J , i.e. φi, i = 1, 2, 3, 4. Then we have derivatives of the field
Z, DiZ = ∂iZ + [Ai, Z], where i = 1, 2, 3, 4 are four directions in R
4. Finally there are
eight fermionic operators χa
J= 1
2
which are the eight components with J = 12 of the sixteen
component gaugino χ (the other eight components have J = −12). These eight components
5 In general in the free theory any contraction of a single trace operator with its complex
conjugate one will give us a factor of Nn, where n is the number of fields appearing in the
operator. If the number of fields is very large it is possible that non-planar contractions dominate
over planar ones [20,21] . In our case, due to the way we scale J this does not occur in the free
theory.
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transform in the positive chirality spinor representation of SO(4)×SO(4) 6. We will focus
first on operators built out of these fields and then we will discuss what happens when we
include other fields, with ∆− J > 1, such as Z¯.
The state (4.1) describes a particular mode of ten dimensional supergravity in a par-
ticular wavefunction [5]. Let us now discuss how to generate all other massless supergravity
modes. On the string theory side we construct all these states by applying the zero mo-
mentum oscillators ai0, i = 1, . . . , 8 and S
b
0, b = 1, . . .8 on the light cone vacuum |0, p+〉l.c..
Since the modes on the string are massive all these zero momentum oscillators are har-
monic oscillators, they all have the same light cone energy. So the total light cone energy
is equal to the total number of oscillators that are acting on the light cone ground state.
We know that in AdS5 × S5 all gravity modes are in the same supermultiplet as the state
of the form (4.1)[22]. The same is clearly true in the limit that we are considering. More
precisely, the action of all supersymmetries and bosonic symmetries of the plane wave
background (which are intimately related to the AdS5×S5 symmetries) generate all other
ten dimensional massless modes with given p+. For example, by acting by some of the
rotations of S5 that do not commute with the SO(2) symmetry that we singled out we
create states of the form
1√
J
∑
l
1√
JNJ/2+1/2
Tr[ZlφrZJ−l] =
1
NJ/2+1/2
Tr[φrZJ ] (4.2)
where φr, r = 1, 2, 3, 4 is one of the scalars neutral under J . In (4.2) we used the cyclicity
of the trace. Note that we have normalized the states appropriately in the planar limit.
We can act any number of times by these generators and we get operators roughly of the
form
∑
Tr[· · · zφrz · · · zφk]. where the sum is over all the possible orderings of the φs. We
can repeat this discussion with the other ∆ − J = 1 fields. Each time we insert a new
operator we sum over all possible locations where we can insert it. Here we are neglecting
possible extra terms that we need when two ∆ − J = 1 fields are at the same position,
6 The first SO(4) corresponds to rotations in R4, the space where the Yang Mills theory is
defined, the second SO(4) ⊂ SO(6) corresponds to rotations of the first four scalar fields, this
is the subgroup of SO(6) that commutes with the SO(2), generated by J , that we singled out
to perform the analysis. By positive chirality in SO(4) × SO(4) we mean that it has positive
chirality under both SO(4)s or negative under both SO(4). Combining the spinor indices into
SO(8), SO(4)× SO(4) ⊂ SO(8) it has positive chirality under SO(8). Note that SO(8) is not a
symmetry of the background.
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these are subleading in a 1/J expansion and can be neglected in the large J limit that
we are considering. In other words, when we act with the symmetries that do not leave
Z invariant we will change one of the Zs in (4.1) to a field with ∆− J = 1, when we act
again with one of the symmetries we can change one of the Zs that was left unchanged in
the first step or we can act on the field that was already changed in the first step. This
second possibility is of lower order in a 1/J expansion and we neglect it. We will always
work in a “dilute gas” approximation where most of the fields in the operator are Zs and
there are a few other fields sprinkled in the operator.
For example, a state with two excitations will be of the form
∼ 1
NJ/2+1
1√
J
J∑
l=1
Tr[φrZlψbJ= 1
2
ZJ−l] (4.3)
where we used the cyclicity of the trace to put the φr operator at the beginning of the
expression. We associate (4.3) to the string state a†k0 S
† b
0 |0, p+〉l.c.. Note that for planar
diagrams it is very important to keep track of the position of the operators. For example,
two operators of the form Tr[φ1Zlφ2ZJ−l] with different values of l are orthogonal to each
other in the planar limit (in the free theory).
The conclusion is that there is a precise correspondence between the supergravity
modes and the operators. This is of course well known [4,5,6]. Indeed, we see from (3.2)
that their ∆− J = 2p− is indeed what we compute at weak coupling, as we expect from
the BPS argument.
In order to understand non-supergravity modes in the bulk it is clear that what we
need to understand the Yang Mills description of the states obtained by the action of the
string oscillators which have n 6= 0. Let us consider first one of the string oscillators which
creates a bosonic mode along one of the four directions that came from the S5, let’s say
a† 8n . We already understood that the action of a
† 8
0 corresponds to insertions of an operator
φ4 on all possible positions along the “string of Z’s”. By a “string of Zs” we just mean a
sequence of Z fields one next to the other such as we have in (4.1). We propose that a†8n
corresponds to the insertion of the same field φ4 but now with a position dependent phase
1√
J
J∑
l=1
1√
JNJ/2+1/2
Tr[Zlφ4ZJ−l]e
2piinl
J (4.4)
In fact the state (4.4) vanishes by cyclicity of the trace. This corresponds to the fact that
we have the constraint that the total momentum along the string should vanish (3.3), so
10
that we cannot insert only one a† in oscillator. So we should insert more than one oscillator
so that the total momentum is zero. For example we can consider the string state obtained
by acting with the a† 8n and a
† 7
−n, which has zero total momentum along the string. We
propose that this state should be identified with
a† 8n a
† 7
−n|0, p+〉l.c. ←→
1√
J
J∑
l=1
1
NJ/2+1
Tr[φ3Zlφ4ZJ−l]e
2piinl
J (4.5)
where we used the cyclicity of the trace to simplify the expression. The general rule is
pretty clear, for each oscillator mode along the string we associate one of the ∆ − J = 1
fields of the Yang-Mills theory and we sum over the insertion of this field at all possible
positions with a phase proportional to the momentum. States whose total momentum is
not zero along the string lead to operators that are automatically zero by cyclicity of the
trace. In this way we enforce the L0 − L¯0 = 0 constraint (3.3) on the string spectrum.
In summary, each string oscillator corresponds to the insertion of a ∆ − J = 1 field,
summing over all positions with an n dependent phase, according to the rule
a†i −→ DiZ for i = 1, · · · , 4
a†j −→ φj−4 for j = 5, · · · , 8
Sa −→ χaJ= 1
2
(4.6)
In order to show that this identification makes sense we want to compute the conformal
dimension, or more precisely ∆−J , of these operators at large ’t Hooft coupling and show
that it matches (3.2). First note that if we set gNJ2 ∼ 0 in (3.6) we find that all modes,
independently of n have the same energy, namely one. This is what we find at weak ’t
Hooft coupling where all operators of the form (4.5) have the same energy, independently
of n. Expanding the string theory result (3.6) we find that the first correction is of the
form
(∆− J)n = wn = 1 + 2πgNn
2
J2
+ · · · (4.7)
This looks like a first order correction in the ’t Hooft coupling and we can wonder if
we can reproduce it by a a simple perturbative computation. Manipulations with non BPS
operators suggest that anomalous dimensions grow like g2N and that they disappear from
the spectrum of the theory at strong coupling. However, this line of reasoning assumes
that we keep the dimension of the operator in the free field theory (J in this case) fixed as
we take the large N limit. In our case the states we begin with are almost BPS; there are
11
cancellations which depend on the free field theory dimension (J) which render the result
finite even in the infinite ’t Hooft coupling limit. The interesting diagrams arise from the
following interaction vertex
∼ g2YMTr([Z, φj][Z¯, φj ]) (4.8)
Fig. 1: Diagrams that exchange the position of φ. They have “momentum”, n,
dependent contributions.
This vertex leads to diagrams, such as shown in fig. 1 which move the position of the
φj operator along the “string” of Z’s. In the free theory, once a φj operator is inserted
at one position along the string it will stay there, states with φj ’s at different positions
are orthogonal to each other in the planar limit (up to the cyclicity of the trace). We can
think of the string of Zs in (4.1) as defining a lattice, when we insert an operator φ1 at
different positions along the string of Zs we are exciting an oscillator b†l at the site l on the
lattice, l = 1, · · ·J . The interaction term (4.8) can take an excitation from one site in the
lattice to the neighboring site. So we see that the effects of (4.8) will be sensitive to the
momentum n. In fact one can precisely reproduce (4.7) from (4.8) including the precise
numerical coefficient. In appendix A we give the details of this computation.
Encouraged by the success of this comparison we want to reproduce the full square
root7 in (3.6). At first sight this seems a daunting computation since it involves an infinite
number of corrections. These corrections nevertheless can be obtained from exponentiating
(4.8) and taking into account that in (4.8) there are terms involving two creation operators
b† and two annihilation operators b. In other words we have φ ∼ b + b†. As we explained
above, we can view φ’s at different positions as different operators. So we introduce an
7 Square roots of the ’t Hooft coupling are ubiquitous in the AdS computations.
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operator b†l which introduces a φ operator at the site l along the string of Zs. Then the
free hamiltonian plus the interaction term (4.8) can be thought of as
H ∼
∑
i
b†l bl +
g2YMN
(2π)2
[(bl + b
†
l )− (bl+1 + b†l+1)]2 (4.9)
In appendix A we give more details on the derivation of (4.9). In the large N and J limit
it is clear that (4.9) reduces to the continuum Hamiltonian
H =
∫ L
0
dσ
1
2
[
φ˙2 + φ′2 + φ2
]
, L = J
√
π
gN
∼ p+ (4.10)
which in turn is the correct expression for H = p− = ∆ − J for strings in the light cone
gauge.
In summary, the “string of Zs” becomes the physical string and that each Z carries
one unit of J which is one unit of p+. Locality along the worldsheet of the string comes
from the fact that planar diagrams allow onlycontractions of neighboring operators. So
the Yang Mills theory gives a string bit model (see [23]) where each bit is a Z operator.
Each bit carries one unit of J which through (4.10) is one unit of p+.
The reader might, correctly, be thinking that all this seems too good to be true. In
fact, we have neglected many other diagrams and many other operators which, at weak ’t
Hooft coupling also have small ∆− J . In particular, we considered operators which arise
by inserting the fields with ∆− J = 1 but we did not consider the possibility of inserting
fields corresponding to ∆− J = 2, 3, . . ., such as Z¯, ∂kφr, ∂(l∂k)Z, etc.. The diagrams of
the type we considered above would give rise to other 1+1 dimensional fields for each of
these modes. These are present at weak ’t Hooft coupling but they should not be present
at strong coupling, since we do not see them in the string spectrum. We believe that what
happens is that these fields get a large mass in the N → ∞ limit. In other words, the
operators get a large conformal dimension. In appendix A, we discuss the computation of
the first correction to the energy (the conformal weight) of the of the state that results
from inserting Z¯ with some “momentum” n. In contrast to our previous computation
for ∆ − J = 1 fields we find that besides an effective kinetic term as in (4.7) there is an
n independent contribution that goes as gN with no extra powers of 1/J2. This is an
indication that these excitations become very massive in the large gN limit. In addition,
we can compute the decay amplitude of Z¯ into a pair of φ insertions. This is also very
large, of order gN .
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Though we have not done a similar computation for other fields with ∆− J > 1, we
believe that the same will be true for the other fields. In general we expect to find many
terms in the effective Lagrangian with coefficients that are of order gN with no inverse
powers of J to suppress them. In other words, the lagrangian of Yang-Mills on S3 acting
on a state which contains a large number of Zs gives a lagrangian on a discretized spatial
circle with an infinite number of KK modes. The coefficients of this effective lagrangian
are factors of gN , so all fields will generically get very large masses.
The only fields that will not get a large mass are those whose mass is protected for
some reason. The fields with ∆− J = 1 correspond to Goldstone bosons and fermions of
the symmetries broken by the state (4.1). Note that despite the fact that they morally are
Goldstone bosons and fermions, their mass is non-zero, due to the fact that the symmetries
that are broken do not commute with p−, the light cone Hamiltonian. The point is that
their masses are determined, and hence protected, by the (super)symmetry algebra.
Having described how the single string Hilbert space arises it is natural to ask whether
we can incorporate properly the string interactions. Clearly string interactions come when
we include non-planar diagrams [1]. There are non-planar diagrams coming from the
cubic vertex which are proportional to gYM/N
1/2. These go to zero in the large N limit.
There are also non-planar contributions that come from iterating the three point vertex
or from the quartic vertex in the action. These are of order g2YM ∼ g compared to planar
diagrams so that we get the right dependence on the string coupling g. In the discussion
in this paragraph we have ignored the fact that J also becomes large in the limit we are
considering. If we naively compute the factors of J that would appear we would seem to
get a divergent contribution for the non-planar diagrams in this limit. Once we take into
account that the cubic and quartic vertices contain commutators then the powers of J get
reduced. From the gravity side we expect that some string interactions should become
strong when J
N1/2
∼ 1gYM . In other words, at these values of J we expect to find D-brane
states in the gravity side, which means that the usual single trace description of operators
is not valid any more, see discussion around (3.7). We have not been able to successfully
reproduce this bound from the gauge theory side.
Some of the arguments used in this section look very reminiscent of the DLCQ de-
scription of matrix strings [24][25]. It would be interesting to see if one can establish a
connection between them. Notice that the DLCQ description of ten dimensional IIB the-
ory is in terms of the M2 brane field theory. Since here we are extracting also a light cone
description of IIB string theory we expect that there should be a direct connection.
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It would also be nice to see if using any of these ideas we can get a better handle on
other large N Yang Mills theories, particularly non-supersymmetric ones. The mechanism
by which strings appear in this paper is somewhat reminiscent of [26].
5. The matrix model for the DLCQ description of M-theory plane waves
In this section we point out that there is a nice, simple matrix model associated to
these backgrounds. The M-theory pp-wave background is
ds2 =− 4dx−dx+ − [(µ
3
)2(x21 + x
2
2 + x
2
3) + (
µ
6
)2(x24 + . . . x
2
9)]dx
+2 + d~x2
F+123 =µ
(5.1)
This metric arises as a limit similar to the one explained in section 2 for AdS4 × S7
or AdS7 × S4 (both cases give the same metric), see also [9].
This metric has a large symmetry group with 32 supersymmetries, the algebra is a
contraction of the AdS4,7 × S7,4 superalgebras as expected from the fact that they are
limits of the AdS4,7 × S7,4 superalgebras. In analogy to the discussion [27,28,29,30] we do
DLCQ along the direction x− ∼ x− + 2πR, and we consider the sector of the theory with
momentum 2p+ = −p− = N/R. Then the dynamics of the theory in this sector is given
by the U(N) matrix model
S =S0 + Smass
S0 =
∫
dtTr

 9∑
j=1
1
2(2R)
(D0φ
j)2 +ΨTD0Ψ+
(2R)
4
9∑
j,k=1
[φj , φk]2+
+
9∑
j=1
i(2R)(ΨT γi[Ψ, φj ])


Smass =
∫
dtTr

 1
2(2R)

−(µ
3
)2
∑
j=1,2,3
(φj)2 − (µ
6
)2
9∑
j=4
(φj)2

− µ
4
ΨT γ123Ψ
−µ
3
i
3∑
j,k,l=1
Tr(φjφkφl)ǫjkl


(5.2)
where we have set lp=1. We also have that t = x
+ and φ = r
2pi
where r is the physical
distance in eleven dimensions. S0 is the usual matrix theory of [27]
8. Smass adds mass to
the scalar fields and fermion fields, plus a term associated to the Myers effect [31].
8 To compare with [27] note that due to the form of the metric and the way we define R,
2Rour = RBFSS . We normalize lp so that
√
α′ = lpg
−1/3 when we go to the IIA theory.
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The action (5.2) has the transformation rules
δφi = ΨT γiǫ(t)
δΨ =
(
1
(2R)
D0φ
iγi +
µ
6(2R)
3∑
i=1
φiγiγ123 − µ
3(2R)
9∑
i=4
φiγiγ123 +
i
2
[φi, φj]γij
)
ǫ(t)
δA0 = Ψ
T ǫ(t)
ǫ(t) = e−
µ
12
γ123tǫ0
(5.3)
In appendix B we show that the action (5.2) is determined by the supersymmetry algebra
of the plane wave metric [8]. The matrix model Hamiltonian, associated to this action is
equal to H = −p+.
Note that the bosons and fermions have different masses, three of the bosons have
mass µ/3 while six of them have mass µ/6. On the other hand all the fermions have mass
µ/4 . This is possible because the supersymmetries (5.3) are time dependent and therefore
do not commute with the Hamiltonian. This is in agreement with the susy algebra of plane
waves [8], see appendix B. It is easy to check that the vacuum energy is still zero. This
is good since there is a state with zero p+ which corresponds to a single type of graviton
mode.
Let us look at the fully supersymmetric solutions of this action. Imposing that δΨ = 0
we find that the only solutions are
[φi, φj ] = i
µ
6R
ǫijkφ
k i, j, k = 1, 2, 3 φ˙i = 0 for all i and φi = 0, i = 4, .., 9 (5.4)
that is, a fuzzy sphere in the 1,2,3 directions of physical radius
r ∼ 2π
√
Tr[
∑
i φ
i2]
N
∼ πµ
6
N
R
(5.5)
We see that the mass terms remove completely the moduli space and leave only a discrete
set of solutions, after modding out by gauge transformations. This is convenient, as the
structure of the ground states is governed by the semiclassical approximation. One does
not need to solve the full quantum mechanical problem of the ground state wave function,
an issue which frequently arises in the more standard matrix model [27] and that has
proved very difficult to approach.
The solutions are labelled by all possible ways of dividing an N dimensional repre-
sentation of SU(2) into irreducible representations. This number is equal to the number
16
of partitions of N , which is also the number of multiple graviton states with p+ = 0,
−p− = NR in a naive fock space description.
The solutions (5.4) are related to “giant gravitons” in the plane wave background
(5.1) which are M2 branes wrapping the S2 given by
∑3
i=1 x
2
i=constant and classically
sitting at a fixed position x−, but with nonzero momentum p− (but zero light cone energy
−p+ = 0). The supergravity computation of the radius, similar to that in [19] gives again
(5.5).
The plane wave geometry also admits giant gravitons which are M5 branes wrapping
the S5 given by
∑9
i=4 x
2
i =constant. We can similarly compute the value of the radius
from the supergravity side and we get
r4 =
8π2
3
µ(−p−) (5.6)
This does not appear as a classical solution of the matrix model (5.2), which is of course
not unrelated to the difficulty of seeing the M5 brane in the matrix model [32]. It is
interesting to notice however that if we write the two sphere radius (5.5) in terms of the
coupling constant of the matrix model we find φˆ ∼ µ/g, where the action with an overall
factor of 1g2 . This scaling of φˆ is precisely what we expect for a classical solution. On the
other hand, if we express (5.6) in the same way we obtain φˆ4 ∼ 1/g. This scaling with g
does not correspond to a classical solution of (5.2) and therefore it is natural that we do
not find it. The situation seems similar to the one encountered in the analysis of vacua of
mass deformed N = 4 Yang Mills done by Polchinski and Strassler [33]. They find that
the process of D3 branes blowing up into D5 branes can be described classically in the
Yang-Mills theory, while the process of D3 branes blowing up into NS 5 branes requires
that one takes into account the quantum effects. It is therefore natural to conjecture that
the vacuum with xi = 0 in the quantum mechanics theory corresponds to a single large
M5 brane.
It is interesting to note that there are other solutions that preserve a fraction of the
supersymmetry and that are time dependent. These are commuting configurations of the
type
(φ4 + iφ5)(t) = e−i
µ
6
t(φ4 + iφ5)(0)
[φi(0), φj(0)] = 0, i = 4, 5
γ12345ǫ0 = ǫ0
(5.7)
17
and similar ones obtained by replacing 4,5 with any other pair of indices out of 4,..,9, as
well as a similar solution with a pair of indices from 1, 2, 3 with exponent e−i
µ
3
t.
There are many other interesting questions regarding plane waves, such as the precise
nature of the observables, etc. They also seem to admit a holographic description, since
as we remarked above plane waves have much in common with AdS. We plan to continue
investigating these questions.
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Appendix A. More detailed computations
In the first subsection of this appendix we describe in more detail the computation of
the numerical coefficient in (4.7). In the second subsection we discuss how to exponentiate
those corrections to obtain (3.6). Finally, in the third subsection we explain how some
∆− J=2 excitations get a large mass and decay rapidly to ∆− J=1 excitations.
A.1. Computation of the first perturbative correction
In this subsection we discuss the computation of the first perturbative correction
to the anomalous dimension of an operator of the form (4.5). To compute we analyze
the correlation function of two such operators. We consider operators containing a large
number, J , of Zs with a few φs distributed along the “string of Zs”. In other words, we
sum over all possible insertion points of each field φ with a phase of the form ei2pinj/J
where j is the position of φ along the “string of Zs”. We are interested in perturbative
corrections to the dimension of the operator coming from the vertex (4.8). Since the φs are
few and far apart we can consider each insertion of φ independently, up to 1/J corrections.
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Fig. 2: Diagrams that have “momentum”, n, independent contributions.
Fig. 3: Example of diagrams that have “momentum” independent contributions
that we do not compute directly. These diagrams are the same if we replace φ→ Z.
The terms in the (euclidean) Yang-Mills action that we will be interested in are nor-
malized as
S =
1
2πg
∫
d4xTr
(
1
2
(DφI)2 − 1
4
∑
IJ
[φI , φJ ]2
)
(A.1)
where I, J run over six values. We wrote the square of the Yang-Mills coupling in terms
of what in AdS is the string coupling that transforms as g → 1/g under S-duality. The
trace is just the usual trace of an N ×N matrix. We define Z = 1√
2
(φ5 + iφ6). Then the
propagators are
〈Z ji (x)Z¯ lk (0)〉 = 〈φ ji (x)φ¯ lk (0)〉 = δliδjk
2πg
4π2
1
|x|2 (A.2)
In (A.1) there is an interaction term of the form the form 12pig
∫
d4xTr([Z, φ][Z¯, φ]), where φ
is one of the transverse scalars, let’s say φ = φ1. We focus first on the diagrams that give a
contribution that depends on the “momentum” n. These arise from interactions that shift
the position of φ in the operator, such as the ones shown in fig. 1. These interactions come
from a particular ordering of the commutator term in the action, 1
2pig
∫
d4x2Tr[φZφZ¯].
These contributions give
< O(x)O∗(0) >=
N
|x|2∆
[
1 +N(2πg)4 cos
2πn
J
I(x)
]
(A.3)
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where N is a normalization factor and I(x) is the integral
I(x) =
|x|4
(4π2)2
∫
d4y
1
y4(x− y)4 ∼
1
4π2
log |x|Λ+ finite (A.4)
We extracted the log divergent piece of the integral since it is the one that reflects the
change in the conformal dimension of the operator.
In addition to the diagrams we considered above there are other diagrams, such as
the ones shown in fig. 2 and fig. 3, which do not depend on n. We know that for n = 0 the
sum of all diagrams cancels since in that case we have a protected operator and there is no
change in the conformal dimension. In other words, including the n independent diagrams
amounts to replacing the cosine in (A.3) by
cos
2πn
J
− 1 (A.5)
In conclusion we find that for large J and N the first correction to the φ contribution to
the correlator is
< O(x)O∗(0) >=
N
|x|2∆
[
1− 4πgNn
2
J2
log(|x|Λ)
]
(A.6)
which implies that the contribution of the operator φ inserted in the “string of Zs” with
momentum n gives a contribution to the anomalous dimension
(∆− J)n = 1 + 2πgNn
2
J2
(A.7)
There are similar computations we could do for insertions of DiZ or the fermions
χaJ=1/2. In the case of the fermions the important interaction term will be a Yukawa
coupling of the form χ¯Γz[Zχ]+ χ¯Γz¯[Z¯, χ]. We have not done these computations explicitly
since the 16 supersymmetries preserved by the state (4.1) relate them to the computation
we did above for the insertion of a φ operator.
The full square root arises from iterating these diagrams. This will be more transpar-
ent in the formalism we discuss in the next subsection.
A.2. A Hamiltonian description
In this subsection we reformulate the results of the previous subsection in a Hamil-
tonian formalism and we explain why we get a relativistic action on the string once we
iterate the particular interaction that we are considering.
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Here we will consider the Yang-Mills theory defined on S3 × R. All fields of the
theory can be expanded in KK harmonics on S3. States of this theory are in one to one
correspondence with local operators on R4. We take the radius of S3 equal to one so that
the energy of the state is equal to the conformal dimension of the corresponding operator.
For weak coupling, g2YMN ≪ 1, the scalar fields give rise to a KK tower. The lowest energy
state is the constant mode on S3. Due to the curvature coupling there is effectively a mass
term for the scalar fields with a mass equal to one (when the radius of S3 is one). So the
constant mode on S3 is described by a harmonic oscillator of frequency equal to one. Due
to the color indices we have N2 harmonic oscillators with commutation relations
[a ij , (a
†) lk ] = δ
l
jδ
i
k (A.8)
for each mode. The fields φ5, φ6 lead to oscillators which can be combined into a pair
of oscillators a+ and a− with definite J charge. From now one we denote by a the a+
oscillator. The operator (4.1) corresponds to the state
1√
JNJ/2
Tr[aJ ]|0〉 (A.9)
This is a single trace state. We will be interested only in single trace states. In the large N
limit multiple trace states are orthogonal to single trace states in the free theory9. In the
free theory we can build all states by forming all possible “words” out of all the oscillators
associated to all the KK modes of all the fields. The order is important up to cyclicity
of the trace. When we perform inner products or contractions of states we will restrict
only to planar contractions. Those are efficiently reproduced by replacing the standard
oscillators a iα j , by Cuntz oscillators aα where α labels the type of field and the KK mode
[34] [35]. The Cuntz algebra is
aαa
†
β = δα,β (A.10)
and no other relation other than the one coming from the completeness relation
∑
α
a†αaα = 1− |0〉〈0| (A.11)
9 This might not be true even in the free theory if J is too large [20,21] but for our case where
J ∼ N1/2 it is indeed true. In the interacting theory we expect, from the gravity side, non-planar
corrections when J/
√
N ∼ 1
gYM
.
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More precisely, in order to take into account the factors of N we replace
a iα j√
N
→ aα where
the latter is a Cuntz oscillator. This algebra is rather useful for keeping track of the
planarity of the contractions but one needs to be careful about enforcing properly the
cyclicity of the trace, etc. As emphasized in [35] this algebra is a useful framework to
study large N matrix theories. In our case we will be interested in states of the form
· · ·a†b†a† · · ·a†b†a† · · · |0〉 (A.12)
where the dots indicate a sequence of a† operators. We will be interested in the action of
the gauge theory Hamiltonian on such states where we have a small number of b†. We will
be interested in the interaction term in the Hamiltonian of the form
g2YMTr([Z, φ][Z¯φ])→ g2YMN [a†, φ][a, φ] (A.13)
where in the second term we think of φ ∼ b + b† where φ is one of the transverse scalar
fields and b is the corresponding Cuntz oscillator. We neglect self contractions in the
Hamiltonian since those will be canceled by other propagator corrections in the case of
N = 4 SYM. In the left hand side of the interaction term there are many possible oscillators
in the fields Z, Z¯, we have only keep the piece involving the oscillator with ∆−J = 0. An
interaction amounts to an insertion of the Hamiltonian (A.13) in any position of the state
(A.12). We also need to sum in the right hand side of (A.13) over all possible orderings.
Since there is a large number of a† in the state (A.12) we an define bj oscillators which
are the b oscillators inserted at the jth position along the string. In this way the effective
hamiltonian reduces to
H =
∑
j
b†jbj +
gN
2π
(bj + b
†
j − bj+1 − b†j+1)2 (A.14)
where again, as in the computation of the last subsection, the term proportional to b†i bi
was obtained indirectly by appealing to the BPS property of the state in the case of
zero momentum excitations. We can see from this effective hamiltonian that the first
correction on a state of the form
∑
l e
i2pinl
J b†l |0〉′ is indeed (4.7). Here the vacuum |0〉′ for
the bl oscillators is really the state (A.9). The effective hamiltonian is then essentially
the discretized hamiltonian of a massive scalar field in 1+1 dimension, where we discretize
only the space direction, except that the oscillators in (A.14) have the usual commutation
22
relations for different sites but they are Cuntz oscillators on the same site. We can see,
however, that if we define the oscillators
b†n ≡
1√
J
J∑
l=1
e
i2piln
J b†l (A.15)
then the bn oscillators obey the standard commutation relations up to terms of order 1/J
which we neglect in the large J limit. For this reason the large J limit of (A.14) will give
the same as the continuum hamiltonian
H =
∫ L
0
dσ
1
2
[
φ˙2 + φ′2 + φ2
]
, L = J
√
π
gN
(A.16)
Fig. 4: This is a schematic representation of the diagrams that we are resumming
to obtain (A.16). The doted line is the φ propagator. Each crossing of a Z line is
an interaction.
In fig. 4 we see see the form of the diagrams that we are summing to obtain (A.16).
Note that when we diagonalize the new Hamiltonian (A.14) the new vacuum will be related
to the old vacuum by a Bogoliubov transformation, so that in a sense there will be a fair
number of b†s in the new vacuum. Supersymmetry ensures that the vacuum energy does
not change, so that we still have ∆− J = 0 for the new vacuum.
A.3. The fate of the other fields
Let us now understand what happens when we insert in (4.1) a field with ∆− J > 1.
We will study the simplest case which arises when we insert the field Z¯. This field has
∆ − J = 2. We can insert this field with arbitrary “momentum” n in the operator (as
long as we make sure that (3.3) is obeyed). We will now show that the correction to its
dimension now does not vanish for zero momentum. We consider an operator of the form
∑
l
e
i2piln
J Tr[· · ·ZZZ¯Z · · ·] (A.17)
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where l indicates the position of Z¯ along the “string of Zs” and the dots indicate a large
number of Z fields together with possibly other insertions of other fields, etc. Since we
work in the dilute gas approximation, where J is very large, we can consider Z¯ in isolation
from other insertions of other operators. We can now compute the first order correction, in
gN , to the anomalous dimension of (A.17). The relevant diagrams come from a vertex of
the form −1
2pig
∫
d4x 1
2
Tr([Z, Z¯])2. The computation of these diagrams is identical to the one
done in the first subsection of this appendix, the only difference comes when we consider
the combinatoric factors in the diagram. There are again other diagrams (similar to those
in fig. 3) involving the exchange of gauge fields, corrections to the propagator, etc, which
we can effectively compute by noticing that if we change, for n = 0, Z¯ → Z in (A.17) ,
then we have a BPS state and all diagrams should cancel. Putting this all together we
obtain
(∆− J)n = 2 + gN
4π
(4 +
4π2n2
J2
) + · · · (A.18)
where we expanded the result in powers of 1/J . In contrast to (A.7) we now find a
contribution that is not finite in the N →∞ limit that we are taking. We have computed
the correction only to first order in gN and we are extrapolating to gN →∞. This is not
justified. So the above computation should be taken as an indication that insertions of Z¯
do not lead to finite energy excitations in the effective 1+1 dimensional theory in the large
N limit that we are taking.
As we explained above, we expect that for ∆ − J = 1 the fields do not get a large
mass because they are Goldstone bosons or fermions of the symmetries broken by (4.1).
Z Z ZZ
(a)
Z Z ZZ
(b)
Fig. 5: (a) This diagram contributes to the decay of Z¯ into two φs. (b) This
diagram is zero
We can similarly compute the decay amplitude, to first order in gN , of the excitation
with ∆ − J = 2, created by the insertion of Z¯, into excitations with ∆ − J = 1 created
by a pair of insertions of the transverse scalars φrφr, r = 1, 2, 3, 4. These are given by the
diagrams such as the one shown in fig. 5(a). Again we find a result proportional to gN
with no powers of 1/J2 to suppress it.
In summary, we expect that in the large N limit all excitations created by fields with
∆− J > 1 become very massive and rapidly decay to excitations with ∆− J = 1.
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Appendix B. Supersymmetry of the massive matrix model
B.1. Symmetry algebra
In this subsection we make some remarks about the super symmetry algebra. We will
consider the 11d wave [8] but similar remarks apply for the 10 dimensional waves [10].
We define a generator e = −p− and a generator h = −p+. The generator e commutes
with all the other operators. Some of the (anti)commutation relations are
[ai, a
†
j] =eδij i, j = 1, .., 9
[h, a†i ] =
µ
3
a†i , [h, ai] = −
µ
3
ai i = 1, 2, 3
[h, a†i ] =
µ
6
a†i , [h, ai] = −
µ
6
ai , i, j = 4, .., 9
{bαβ˙, b† γδ˙} =eδγαδδ˙β˙ 0 = {b, b′} = {b†, b′
†} = [b, a] = [b, a†]
[h, b† γδ˙] =
µ
4
b† γδ˙ , [h, bαβ˙] = −
µ
4
bαβ˙
[h,Qαβ˙] =
µ
12
Qαβ˙ , [h, S
γδ˙] = − µ
12
Sγδ˙
{Q,Q} ={S, S} = 0 , S†
αβ˙
= Qαβ˙
{Qαβ˙, Sγδ˙} =δγαδδ˙β˙h+ i
µ
6
δδ˙
β˙
∑
i,j≤3
(γij)
γ
αMij + i
µ
12
δγα
∑
i,j≥4
(Γij)
δ˙
β˙
Mij
( B.1)
where the undoted greek indices indicate spinor indices of SU(2) an the doted ones denote
spinor indices of SO(6) (the ones downstairs are in the 4 of SU(4) and the upstairs one are
in the 4¯ of SU(4)) and γi and Γj are three and six dimensional gamma matrices respectively
10. In addition we have (anti)commutators of the S and Q with bs or as which give as
or bs. We will not write those since we will give them implicitly below when we discuss
the superparticle. The main observation we want to make is that the structure of the
representations of this algebra is very simple. Since e commutes with everything we can
diagonalize it. Then the commutation relations of the as and bs (and their adjoints) become
bosonic and fermionic harmonic oscillators. Then the rest of the symmetries acts linearly
on these oscillators. We can identify h with the lightcone hamiltonian, so we see that the
a† and b† oscillators describe the center of mass motion of the state. In fact we could
subtract from Q, S, h,Mij an expression bilinear in these oscillators (which is a realization
10 The relation of the generators in ( B.1) and those in [8] is schematically as follows aj ∼
ej + ie∗j and similarly for a†, the bs and b†s are linear combinations of Q+ in [8] and similarly S
and Q are linear combinations of Q− in [8].
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of Q, S, h,Mij in terms of oscillators) so than then Q, S, h,Mij act on the relative state.
Note that Q, S are supersymmetries that do not commute with the Hamiltonian.
In the matrix model, the oscillators a and b are going to result from quantizing the
U(1) degree of freedom and the shift of Q, S, h,Mij that we mentioned above amounts to
separating the U(1) degree of freedom to leave the SU(N) degrees of freedom.
B.2. Plane wave limit of the 10d IIB AdS5 × S5 action
Here we prove that the GS action of Metsaev [17] can be obtained as a limit of the
AdS5 × S5 action of [36].
There is a general formalism one can use in both cases. Indeed, as shown in [37], for
D branes propagating in supercoset manifolds, one can write down an action in terms of
supervielbeins (vielbeins of the target superspace realized as a coset manifold). The kinetic
term is always of the type
S =
∫
M
dnσ
√
ggijLAi L
A
j ( B.2)
where LAi are the bosonic components of the supervielbein 1-forms pulled back on the
worldsheet. In general there can be also a WZ term, defined as the integral of a form on
a n+1 dimensional manifold with M as boundary.
The supervielbeins are found from the general procedure in [37] as
LA = LA0 + 2θ
αfAαβ(
sinh2M/2
M2
)βγ(Dθ)
γ ( B.3)
and where the matrix M is defined by
(M2)αβ = −θγfαγAθδfβδA ( B.4)
the coefficients fAαβ are the structure constants of the fermi-fermi part of the superalgebra
{Fα, Fβ} = fAαβBA. If θ is constant, one gets the WZ parametrization of superspace. Here
(Dθ)α = dθα + (LA0 BAθ)
α ( B.5)
is the Killing spinor operator acting on the θ’s (the Killing spinor equation would be
Dǫ(x) = 0).
The GS string action in a general supergravity background was given in [38] and is
S = −1
2
∫
∂M3
d2σ
√
ggijLaˆiL
aˆ
j + i
∫
M3
sIJLaˆ ∧ L¯Iγ aˆ ∧ LJ ( B.6)
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where Laˆ are the bosonic supervielbeins and LI the fermionic ones.
In the case of AdS5 × S5 the simple form of the action based on the above approach
has been found in [39][36]:
S = −1
2
∫
d2σ(
√−ggijLaˆiLaˆj + 4iǫij
∫ 1
0
dssIJLaˆisΘ¯
IΓaˆLJis) ( B.7)
where
LIs = (
sinh(sM)
M
DΘ)I
Laˆs = e
aˆ
mˆdX
mˆ − 4iΘ¯IΓaˆ(sinh
2(sM/2)
M2
DΘ)I
( B.8)
The fermionic light-cone gauge was fixed in [40], and is the same as in flat space, namely
Γ+θ = 0. With this fermionic light-cone gauge, one gets that the matrix M2 = 0, and so
the only nontrivial information is encoded in DΘ. But that has the general form
DΘI = (δIJ (d+
1
4
ωµνγµν) +
i
48
eµFµµ1...µ4Γ
µ1...µ4ǫIJ )ΘJ ( B.9)
and consequently it has the correct limit from the AdS5 × S5 case to the pp wave case.
The last step is the fixing of the bosonic light-cone gauge, which for the AdS5 × S5 case
was done in [41]. Metsaev [17], using the gauge
√
ggab = ηab x+(τ, σ) = τ ( B.10)
finds then the action
L = −1
2
∂ax
I∂axI − µ
2
2
x2I − iψ¯γ¯−ρa∂aψ + iµψ¯γ¯−Πψ ( B.11)
B.3. Matrix theory action
The action for a single D0 brane can be obtained as the superparticle action moving in
(5.1) in the Green-Schwarz formulation. Indeed, for a D0 brane in flat space, the light-cone
gauge superparticle action gives the free massless bosons X i and fermions θ (spinors of
SO(9)), which is the free D0 action.
As we mentioned in the case of the GS string, the super-brane action has a kinetic
and a WZ term. But in the case of the superparticle, there is no 2d form one can write
down (except for the target space AdS2 × S2 where one has the target space invariants
ǫab). So the superparticle action has only the kinetic term.
27
The supervielbeins for the 11d supersymmetric pp-wave can be obtained as a limit
from the AdS7 × S4 supervielbeins, just as above for the 10d wave as a limit of the
AdS5 × S5. Indeed, from the above formalism, the supervielbeins can be written in a
universal form depending only on the structure constants fAαβ of the superalgebra, and in
terms of the Killing spinor operator. But we know that the wave space symmetry algebras
are a contraction of the AdS × S ones, and that the Killing spinor operators are also a
similar limit (they only depend on F).
The supervielbeins for the AdS7 × S4 case have been given in [42]. If one takes the
general formulas there and substitutes F+123 = µ and the fact that ω
−i are the only
nonzero components of ωµˆνˆone obtains
Dθ = dθ +
µ
12
(erˆΓrˆ
+123 − 8e[+Γ123])θ − 1
2
ω−iΓ−iθ ( B.12)
and also
(M2)αβ =
µ
6
[(Γrˆ
+123 − 8δ[+rˆ Γ123])θ]α(θ¯Γrˆ)β
− µ
12
[(Γrˆsˆθ)
α(θ¯Γrˆsˆ+123)β + 24(Γ[−1θ)
α(θ¯Γ23])β ]
( B.13)
The superparticle action ∫
dte−1LAt L
A
t ( B.14)
will have a k symmetry similar to the one of the free superparticle with Lµt = x˙
µ−iθ¯AΓµθ˙A.
This k symmetry needs to be gauge fixed by choosing the fermionic light-cone gauge. The
procedure is exactly similar to the superstring in AdS5 × S5 and its limit the 10 d wave
(see [17]). As there, one can choose the gauge
Γ+θ = 0 θ¯Γ+ = 0 ( B.15)
which we can see from the expression of the AdS7 × S4 M2 above that makes M2 = 0,
and so
LA = dxµˆeAµˆ +
1
2
θ¯ΓADθ ( B.16)
and where
Dθ = dθ +
µ
12
(erˆΓrˆ
+123 − 8e[+Γ123])θ − 1
2
ω−iΓ−iθ = dθ +
µ
12
e+Γ−+Γ123θ − µ
6
e+Γ123θ
( B.17)
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where we have used the gauge condition to kill the terms with Γ− and Γ+i. One can then
see that we get (in spacetime light cone parametrization)
L+ = e+ = dx+ Li = ei = dxi ( B.18)
and
L− = e− +
1
2
θ¯Γ−Dθ; e− = dx− − 1
2
(
µ
3
)2
∑
i=1,2,3
(xi)2dx+ − 1
2
(
µ
6
)2
9∑
i=4
(xi)2dx+ ( B.19)
to be used in the action
S =
∫
dt(2L+t L
−
t + L
i
tL
i
t) ( B.20)
Then fixing the bosonic light cone gauge e = 1, x−(t) = t one gets the action
S =
∫
dt[(X˙ i)2 − (µ
3
)2
∑
i=1,2,3
(X i)2 − (µ
6
)2
9∑
i=4
(X i)2 + θ¯Γ−θ˙ − µ
4
θ¯Γ−Γ123θ] ( B.21)
We now rewrite the 11d fermions and gamma matrices in terms of 9d ones. We choose
the representation
Γµ = γµ ⊗ σ3
Γ0 = 1⊗ iσ2
Γ11 = 1⊗ σ1
( B.22)
And we also choose a real (Majorana) representation for the spinors and gamma
matrices: C = Γ0, θ¯ = θ
TC = θ†Γ0. Then we have
Γ− =
√
2
(
0 0
1 0
)
Γ+ =
√
2
(
0 1
0 0
)
Γ0Γ
− = −
√
2
(
1 0
0 0
)
Γ+− = 1⊗σ3 ( B.23)
Then, take
θ =
(
ψ1
ψ2
)
so Γ+
(
ψ1
ψ2
)
= 0⇒ ψ2 = 0 ( B.24)
So, take
θ =
(
ψ
0
)
( B.25)
and so the fermion terms in the action sum up to
√
2(ψT ψ˙ +
µ
4
ψTγ123ψ) ( B.26)
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We can now absorb the
√
2 in front of this expression in the definition of the fermions.
We turn to proving susy of this action, and generalizing it to the nonabelian case. We
will leave the coefficient of the fermion mass term free, since we will find another solution
for it in the abelian case.
Let us then start with the lagrangian
L =
9∑
i=1
(X˙ i)2 − (µ/3)2
∑
i=1,2,3
(X i)2 − (µ/6)2
9∑
i=4
(X i)2 +ΨT Ψ˙− a(µ/4)ΨTγ123Ψ ( B.27)
and look for a susy transformation of the type
δX i = ΨT γiǫ(t)
δΨ = X˙ iγiǫ(t) + µX iγiM ′iǫ(t)
ǫ(t) = eµMtǫ0
( B.28)
Then the terms of order 1 in the susy transformation cancel , the terms of order µ give
the equation
M ′i = ±a/4γ123 −M ( B.29)
where the two values are for i=1,2,3 and i=4,..,9 respectively, and the terms of order µ2
give
M ′iM − 1/9− a/4γ123M ′i = 0 i = 1, 2, 3
M ′iM − 1/36 + a/4γ123M ′i = 0 i = 4, .., 9
( B.30)
We then obtain
M = bγ123
M ′i = (±a/4− b)γ123
( B.31)
and a = 1 or 1/3 (2 solutions) and b = −1/12 or −1/4 (the 2 corresponding solutions).
There are also solutions where we change the sign of both a and b, but these correspond
to the symmetry µ→ −µ.
The extension to the nonabelian theory is obvious; besides the usual commutator
terms which are present in the lagrangian and susy rules in flat space, we have an extra
coupling of order µ. Indeed, Myers [31] has found a term FtijkTr(X
iXjXk) in the action
for N D0 branes in constant RR field. In our case, after the limit to the plane wave
geometry (infinite boost), the coupling is
F+ijkTr(X
iXjXk) ∼ µTr(X iXjXk)ǫijk ( B.32)
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So the lagrangian is
L =
9∑
i=1
(X˙ i)2 − (µ/3)2
∑
i=1,2,3
(X i)2 − (µ/6)2
9∑
i=4
(X i)2 +ΨT Ψ˙− a(µ/4)ΨTγ123Ψ
+ dµg
3∑
i,j,k=1
Tr(X iXjXk)ǫijk + 2g
2Tr([X i, Xj]2) + 2igTr(ΨTγi[Ψ, X i])
( B.33)
And the susy rules are
δX i = ΨT γiǫ(t)
δΨ =
(
X˙ iγi + µX iγi(±a/4− b)γ123 + ig[X i, Xj]γij
)
ǫ(t)
ǫ(t) = eµMtǫ0
( B.34)
The terms of order g0 in the susy transformation of L work the same way as for one
D0 brane, since they are bilinear in fields. The terms of order g cancel (they would fix
the coefficient of the ΨψX term in the action). The terms of order µg are proportional to
Tr(ΨT γijγ123ǫ(t)[X
i, Xj]) and split into i,j both =4,..,9, one of i,j =1,2,3 and the other
=4,..,9 which both give the equation
3b+ a/4 = 0 ( B.35)
and the case when both i,j are 1,2,3 which gives
d = 2(b− a/4) ( B.36)
So now a and b are restricted to just a = 1, b = −1/12. This solution is the one we found
from the general formalism. The terms of order g2 cancel (they would fix the coefficient
of the [X,X ]2 term in the action).
The action has the almost the same nonlinearly realized susy as in flat space. In flat
space, the nonlinear susy is δΨ = ǫ (constant), and the X’s constant. In our case, we have
δΨ = ǫ(t) = eµ
a
4
γ123tǫ0 ( B.37)
Appendix C. Strings on mixed NS and RR plane waves
As we remarked above, we can consider the limit of section 2, for the AdS3 × S3
backgrounds. It is interesting to consider such a limit in a situation where we have a
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mixture of NS and RR three form field strength. The six dimensional plane wave metric
that we obtain has the form
ds2 =− 4dx+dx− − µ2~y 2(dx+)2 + d~y 2
HNS+12 = H
NS
+34 = C1µ cosα
HRR+12 = H
RR
+34 = C2µ sinα
(C.1)
where ~y parametrizes a point on R4 and α is a fixed parameter which allows us to inter-
polate between the purely NS background α = 0 and the purely RR background α = π/2.
The constants C1, C2 depend on the string coupling and the normalization of the RR and
NS field strengths. In addition to the six coordinates in (C.1) we have four additional
directions which we can take to be a T 4 (or a K3).
The light cone action becomes
S =
1
2πα′
∫
dt
∫ 2piα′p+
0
dσ
1
2
[
|Z˙i|2 − |Z ′i + i cosαZi|2 − sin2 αµ2|Zi|2
]
+
S¯(σ0∂0 + σ
1(∂1 + cosαI) + sinαµI)S + LT 4
(C.2)
Where x denotes the four coordinates of T 4 and I ≡ Γ12. We have also defined Z1 = y1+iy2
and Z2 = y3 + iy4. The fermions S in (C.2) have positive chirality in the directions 1234
(and hence also positive chirality in the T 4 directions). The lagrangian LT 4 includes the
modes living on T 4 as well as for the fermions that have negative chirality on the directions
1234 which are still massless. Only half of the fermions get a mass.
The light cone Hamiltonian is then
p+ = Hlc =
∞∑
n=−∞
Nn
√
sin2 α2µ2 + (cosαµ+
n
α′p+
)2 +
+ 2
LT
4
0 + L¯
T 4
0
α′p+
(C.3)
where the first line takes into account the massive bosons and fermions and the second
line takes into account the T 4 bosons and the four massless fermions. We also have the
condition that the total momentum along the string is zero.
We see that in the pure RR case we get something quite similar to the previous
result. For the pure NS case the spectrum can be viewed as arising from twisted boundary
conditions along the string. In that case, when α′p+µ = n we have a new zero mode
appearing. When we excite this zero mode we obtain a string that winds n times around
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the origin and has zero light cone energy due to the cancellation of the gravitational and
“electric” energy. These are analogous to the long strings much discussed in AdS3 with
NS background [43]. As soon as cosα 6= 1 these new zero modes disappear, as is expected.
It would be nice to see if it is possible to reproduce the spectrum (C.3) from the dual
CFT of the D1-D5 system.
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